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Prolog

Základńı věta algebry.

Každý polynom kladného stupně má alespoň jeden komplexńı kǒren.
Jinak řečeno:

je-li
p(z) := anz

n + an−1z
n−1 + · · ·+ a1z + a0 : C → C,

kde
n ∈ N; a0, a1, ... , an ∈ C; an 6= 0,

existuje z ∈ C takové, že
p(z) = 0.

Ukážeme si ťri z (mnoha deśıtek známých) důkaz̊u této věty. Oṕıraj́ı se o ťri
hluboké a krásné výsledky matematické analýzy, a to o

větu o pevném bodě (L. E. J. Brouwer),

Fubiniovu větu (R. B. Burckel),

Weierstrassovu větu (A. C. Lazer).
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... větě o pevném bodě (L. E. J. Brouwer)

Brouwerova věta o pevném bodě.

Každé spojité zobrazeńı
g : K → K ,

kde K ⊂ R
N je neprázdná uzav̌rená omezená a konvexńı množina, má pevný bod;

to znamená, že existuje c ∈ K takové, že

g(c) = c .
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... větě o pevném bodě (L. E. J. Brouwer)

p(z) := zn + an−1z
n−1 + · · ·+ a1z + a0

Položme R = 2 + |an−1|+ |an−2|+ · · ·+ |a1|+ |a0|, K = {z ∈ C : |z | ≤ R},

g(z) :=







z − p(z)

Rei(n−1)θr , je-li |z | ≤ 1,

z − p(z)
Rzn−1 , je-li |z | ≥ 1;

z = reiθ,

r ≥ 0, −π < θ ≤ π.

Zřejmě g je spojitá na C. Ukažme, že g(K ) ⊂ K :

∀z ∈ K , |z | ≤ 1 :

|g(z)| ≤ |z |+ 1
R
|p(z)| ≤ 1 + 1

R
(1 + |an−1|+ |an−2|+ · · ·+ |a1|+ |a0|) ≤ 1 + 1≤ R,

∀z ∈ K , |z | ≥ 1 :

|g(z)| =
∣

∣

∣
z − z

R
− an−1z

n−1+···+a1z+a0
Rzn−1

∣

∣

∣
≤
∣

∣z
(

1− 1
R

)
∣

∣+ |an−1|+···+|a1|+|a0|
R

≤

≤ R − 1 + R−2
R

= R − 2
R
≤ R.
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... větě o pevném bodě (L. E. J. Brouwer)

g(z) :=







z − p(z)

Rei(n−1)θr , je-li |z | ≤ 1,

z − p(z)
Rzn−1 , je-li |z | ≥ 1;

z = reiθ,

r ≥ 0, −π < θ ≤ π.

Zjistili jsme, že

g je spojitá na C,

g(K ) ⊂ K = {z ∈ C : |z | ≤ R}.

Z Brouwerovy věty plyne, že existuje

z ∈K ⊂ C,

pro které je g(z) = z , a tud́ıž

p(z) = zn + an−1z
n−1 + · · ·+ a1z + a0 = 0.

Uvedený
”
důkaz“ obsahuje hrubou chybu! Jakou?
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... Fubiniově větě (R. B. Burckel)

”Fubinito (Immediately) Implies FTA”, 2006
Předpokládejme sporem, že ∀z ∈ C : p(z) 6= 0, a definujme funkci f p̌redpisem
f (z) := 1

p(z) . Pak f je holomorfńı v C a plat́ı f (0) 6= 0. Nav́ıc plat́ı:

f
(

1
r
eiθ
)

→ 0, f
(

reiθ
)

→ f (0) pro r → 0 + (stejnoměrně vzhledem k θ),

∂
∂θ

[

f
(

̺eiθ
)]

= f ′
(

̺eiθ
)

̺ieiθ, ∂
∂̺

[

f
(

̺eiθ
)]

= f ′
(

̺eiθ
)

eiθ = 1
̺i

∂
∂θ

[

f
(

̺eiθ
)]

.

Odtud plyne, že pro každé r > 0 je

∫ π

−π

(

∫ 1
r

r

∂

∂̺

[

f
(

̺eiθ
)]

d̺

)

dθ =

∫ 1
r

r

(
∫ π

−π

1

̺i

∂

∂θ

[

f
(

̺eiθ
)]

dθ

)

d̺,

∫ π

−π

f

(

1

r
eiθ
)

− f
(

reiθ
)

dθ =

∫ 1
r

r

1

̺i

[

f
(

̺eiπ
)

− f
(

̺e−iπ
)]

d̺ = 0,

a proto

lim
r→0+

∫ π

−π

f

(

1

r
eiθ
)

− f
(

reiθ
)

dθ = −2πf (0) = 0. A to je spor.
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... Weierstrassově větě (A. C. Lazer)

”From the Cauchy-Riemann Equations to the FTA”, 2006

f holomorfńı ⇒ △
(

|f |2
)

= 4|f ′|2.

f (x + iy) = u(x , y) + iv(x , y), |f (x + iy)|2 = u2(x , y) + v2(x , y)

∂|f |2

∂x
= 2u

∂u

∂x
+ 2v

∂v

∂x

∂2|f |2

∂x2
= 2

(

∂u

∂x

)2

+ 2u
∂2u

∂x2
+ 2

(

∂v

∂x

)2

+ 2v
∂2v

∂x2

∂2|f |2

∂y2
= 2

(

∂u

∂y

)2

+ 2u
∂2u

∂y2
+ 2

(

∂v

∂y

)2

+ 2v
∂2v

∂y2
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... Weierstrassově větě (A. C. Lazer)

f holomorfńı ⇒ △
(

|f |2
)

= 4|f ′|2.

f (x + iy) = u(x , y) + iv(x , y)

f ′(x + iy) =
∂u

∂x
(x , y) + i

∂v

∂x
(x , y) =

∂v

∂y
(x , y)− i

∂u

∂y
(x , y)

f ′′(x + iy) =
∂2u

∂x2
(x , y) + i

∂2v

∂x2
(x , y) = −

∂2u

∂y2
(x , y)− i

∂2v

∂y2
(x , y)

|f ′|2 =

(

∂u

∂x

)2

+

(

∂v

∂x

)2

=

(

∂v

∂y

)2

+

(

∂u

∂y

)2
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... Weierstrassově větě (A. C. Lazer)

f holomorfńı ⇒ △
(

|f |2
)

= 4|f ′|2.

∂2|f |2

∂x2
= 2

(

∂u

∂x

)2

+ 2u
∂2u

∂x2
+ 2

(

∂v

∂x

)2

+ 2v
∂2v

∂x2

+

∂2|f |2

∂y2
= 2

(

∂u

∂y

)2

+ 2u
∂2u

∂y2
+ 2

(

∂v

∂y

)2

+ 2v
∂2v

∂y2

f ′′(x + iy) =
∂2u

∂x2
(x , y) + i

∂2v

∂x2
(x , y) = −

∂2u

∂y2
(x , y)−i

∂2v

∂y2
(x , y)

|f ′|2 =

(

∂u

∂x

)2

+

(

∂v

∂x

)2

=

(

∂v

∂y

)2

+

(

∂u

∂y

)2
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... Weierstrassově větě (A. C. Lazer)

Předpokládejme sporem, že ∀z ∈ C : p(z) 6= 0, a definujme funkci f p̌redpisem

f (z) := 1
p(z)

. Pak f je holomorfńı v C, a proto plat́ı △
(

|f |2
)

= 4|f ′|2.

Nyńı uvažujme funkci w(x , y) :=
n
∑

k=1

|f (x + iy + k)|2: R2 → R+.

Zřejmě w(x , y) → 0 pro x + iy → ∞, a proto existuje (x0, y0) ∈ R2 takové, že

w(x0, y0) = max
(x,y)∈R2

w(x , y).

Odtud plyne, že

0 ≥ △w(x0, y0) =

n
∑

k=1

△
(

|f (x0 + iy0 + k)|2
)

=

n
∑

k=1

4|f ′(x0 + iy0 + k)|2,

a proto ∀k ∈ {1, 2, ..., n} : 0 = f ′(x0 + iy0 + k) = −
p′(x0 + iy0 + k)

p2(x0 + iy0 + k)
.

Zjistili jsme, že polynom p′ - (n − 1)-ńıho stupně - má alespoň n r̊uzných kǒrenů.
A to je spor.
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