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Laplaceova a Poissonova rovnice

Laplaceova rovnice
Au™ div (gradu) =0

Poissonova rovnice
Au=f



Laplaceova a Poissonova rovnice

Dirichletova tloha pro Poissonovu rovnici

Au = f vQ
u = g naodf



Co je to Feseni Dirichletovy ulohy?
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Co je to Feseni Dirichletovy ulohy?

Au = f vQ
u = g naodf

V knize Gilbarga a Trudingera najdeme:

» "klasické”,

v

ve smyslu Schauderovy teorie v Holderovych prostorech,

v

ve smyslu teorie Calderona a Zygmunda,

v

slabé YeSeni,

v

ve smyslu distribuci.

» A co jsme to vlastné chtéli plivodné&?



1. Klasické ¥eSeni

u € C%(Q) N C(Q) splifujici rovnici i okrajovou podminku v
kaZzdém bodé&.
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1. Klasické ¥eSeni

u € C%(Q) N C(Q) splifujici rovnici i okrajovou podminku v
kaZzdém bodé&.

Au = f vQ (7)
u = g nadQ (8)

> Vyhody

» snadnd formulace toho, co hleddme.
» Nevyhody

» nedd se v podstaté najit pro f # 0.



Nevyzpytatelnost Dirichletovy tdlohy pro f # 0

V ptipadé obyéejné diferencidlni rovnice ma uloha:

f(x) pro0<x<1

pro kaZdou funkci f € C(0,1) ¥efeni u € C2(0,1).



Nevyzpytatelnost Dirichletovy tdlohy pro f # 0

V ptipadé obyéejné diferencidlni rovnice ma uloha:
(x) f(x) pro0<x<1
) =

d =
d
u 0 =u(1)

e (x
0

pro kazdou funkci f € C(0,1) ¥efeni u € C2(0,1):

// dtds—// £)deds.

(10)



Nevyzpytatelnost Dirichletovy tdlohy pro f # 0

Pro spojitou funkci

(x2 = y?) (—41In (x* + y?) + 1+ In(256))
4v2(x2 + y2) (In(4) — In (x2 + y2))*/?

pro x,y # 0 a £(0,0) = 0 nem3 Dirichletovy tloha

f(va) =

—Au(x,y) = f(x,y) pro0<x?>+y?<0
u(x, y) = 0 prox?+y?=1

(11)
klasické Yedeni, tj. neexistuje u € C?(B(0,1)) N Co(B(0,1))
splfiujici rovnici v kazdém bodé& koule

B={(x,y): 0<x?+y?<0}au(x,y) =0 pro kazdy bod
(x,y) x> +y*=1.



Nevyzpytatelnost Dirichletovy tdlohy pro f # 0

Au(x,y) = f(x,y) pro0<x?>+y2<0 (12)
ulx,y) = 0 prox®?+y’=1

Funkce

u(x,y):<x42—y42) —|n< X42+y42>— In(2)

splfiuje uvedenou rovnici v kaZzdém bod& kromé& pocatku, spliiuje
okrajovou podminku v kazdém bodg, ale neni t¥idy C?(2) protoze

napf. ...
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Nevyzpytatelnost Dirichletovy tdlohy pro f # 0

Au(x,y) = f(x,y) pro0<x?>+y2<0

ulx,y) = 0 prox®?+y’=1 (13)

Funkce

u(x,y):<x42—y42) —|n< X42+y42>— In(2)

je navic jedinym ¥eSenim ve smyslu distribuci uvedené okrajové
tlohy. Protoze kazdé klasické ¥eSeni by bylo zarovei feSenim ve
smyslu distribuci, nemiZe mit uvedend rovnice klasciké ¥eseni.




Obrazek: Spojita prava strana f rovnice a Yedeni rovnice, které neni C2.



Schauderova teorie

P¥edchozi problém odstrafiuje aZ Schauderova teorie.



Schauderova teorie

Necht m4 oblast Q hranici t¥idy C>2, f € C%%(Q), g € C>%(Q)
potom m3 uloha

Au

u

f vQ
g naodf
jediné Yegeni u € C%(Q). Navic plati

(14)
(15)

lull coagey = K

K1l co.o () + I8l 2o (@)

Diikaz je zaloZen na teorii potencidlu a Schauderovych odhadech



Schauderova teorie

Dikaz je zaloZzen na Greenové reprezentaci:

u(y) = /asz (ugg(x —y)—T(x— y)?Z) dS—i—/Q M(x—y)Audx, y € Q

a studiu hladkosti Newtonova potencidlu:

w(x) = /Q Mx — y)F(y)dy

kde . )
7n(1_n)wn|x —yl=", n>2

Mx—y) = (16)
%In\x—y’, n=2

a w, je povrch n-rozmé&rné koule.



Schauderova teorie

Nevyhoda Schauderovy teorie - potfebuje data " mezi” spojitosti a
hladkosti.



Laplace: Mécanique Céleste, angl. preklad z.r. 1829

IL . § 11.] ATTRACTIONS OF SPHEROIDS.

the proposed right line, and we must then take the differential of this
function relative to that co-ordinate ; the coefficient of this differential,
taken with a contrary sign, will be the erpression of the atiraction of the
spheroid, parallel to the proposed line, and directed towards the origin of the
co-ordinate to which it 1s parallel.®
If we put
— (=2 + G—r+ =2} —H;
we shall have
V=[6.p.d2.dy .d 2.

The integration referring only to &, %/, 2, it is evident that we shall havet
( V) (ddV) (JJV) —fr.d%. dydz‘{(jdﬁ dd_a + ddﬁ E

But we have}
ddg ddg ddg
0= T;F)+ dy? t (=




Laplaceova rovnice v ptivodnim zapise

282 ATTRACTIONS OF SPHEROIDS. [Méc. Cél.
therefore we shall have -

459 ddV dd¥V ddV

i )+ Cag) + (o) “

Il:ll?lmtbt This remarkable equation will be of the greatest use to us, in the theory of

;‘;,’;;:,;.‘d, the figures of the heavenly bodies. We may put it under other forms which
u'.'a' are more convenient on several occasions. For example, suppose we draw
‘f,.:;“"" from the origin of the co-ordinates to the attracted point, a radius which we
(4591 gshall call r; let ¢ be the angle which this radius makes with the axis of z,
and = the angle which the plane formed by r and by this axis, makes with

the plane of z and y;* we shall have

[460) X=7.C08.0; y=r.sin.é.cos.=; z=r.sin4.sin. = ;




Laplaceova rovnice, feSeni ve sférickych soufadnicich

288 ATTRACTION OF SPHERES. [Méc Cél.
aV dd ¥V
d.g 1— (-— } (
[466] 0= a=e-(% dd.rP\  (C)
du B A )

12. Suppose now that the spheroid is a spherical stratum, whose centre
Hivbome is at the origin of the co-ordinates; it is evident that ¥ will depend solely
se7 ©n 7, and will not contain either p or =; the equation (C) [466] will then

become
dd.r¥V
(467 0= (4417,
 whence by integration®
B
[468) v—atZ,

A and B being two arbitrary constant quantities. Hence we shall have
(100] —(F) ==

[469] — %) expresses, by what has been said [455"], the action of the

spherical stratum upon the point m, resolved in the direction of the radius
r, and tending towards the centre of the stratum; now it is evident that
the whole action of the stratum must be in that direction ;t therefore




Calderonova-Zygmundova teorie (LP-teorie)

Za Yedeni povazujeme funkci u € W?P(Q), 1 < p < oo, spliiujici
rovnici ve skoro vdech bodech pro pravou strana f € LP(Q) a
spliiujici okrajovou podminku pro ¢ € W2P(Q) (v jistém
zobecn&ném smyslu):

Au = f vQ (17)
u = ¢ naodQ (18)



Calderonova-Zygmundova teorie (LP-teorie)

Také zaloZzena na Greenové reprezentaci u a studiu vlastnosti
Newtonova potencidlu:

kde
1 2—
A X —yIT", n>2
Mx—y) = (19)
%In|x—y!, n=>2

a wy je povrch n-rozmé&rné koule.



Caldeonova-Zygmundova teorie (LP-teorie)

Necht oblast Q je ttidy C1'1, necht dale f € LP(Q) a
© € W2P(Q), 1 < p < +00, potom existuje pravé jedno
u € W2P(Q) takové, ze Au = f skoro viude a u — o € W, P(Q).



Dirichletiv princip (1851)

—Au = 0 vQ (20)
u = ¢ naodQ, (21)
min/ |V ul?dx

Q

UvaZuji se funkce spojité na Q, potastech hladké v €, nabyvajici
hodnot ¢ na hranici.



Dirichletdv princip - Weierstrassova kritika (1869)

min/ (1+ u’(x)z)l/4 dx
Q

u(0)=1, u(l)=0



Slaba ¥edeni

Hleddme funkci v € W01’2(Q) spliiujici nasledujici integralni identitu
/ Vv - Vipdx = / Fipdx — / Vi - Vipdx  Vip € W2 (Q)
Q Q Q

Slabé ¥egeni dlohy

—Au = f vQ (22)
u = ¢ naodQ, (23)

kde f € L2(Q) ap € W&’2(Q), jepak u=v+ .



Slabé ¥eSeni, které neni omezené

Necht N =3, x € RN. Funkce u(x) = u(|x|) = In|x| je slabé
teSeni Dirichletovy ulohy

—~Au = —1/|x]*  for x € By(0);
(24)
u =0 on x € 9B;1(0).
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Kamen, nlizky, papir

Je slabé YeSeni obecné&jsi nez klasické?
Au(x,y) = 0 pro0<x>+y?<1
u(x,y) = glxy) prox’+y*=1

g(cos(i),sin(y)) = D cos(k*¢)/k?

k=1

(25)



Kamen, nlizky, papir

Reseni dlohy

Au(x,y) = 0 pro0<x>+y?<1 (26)
u(x,y) = glxy) prox’+y*=1

g(cos(i),sin(p)) = D cos(k*¢)/k?
k=1

Ize vyjad¥it ve tvaru nekoneéné Yady:

e}

u(r cos(), rsin(¢)) = Z r(7) cos(n®¢)/k?pro 0 < r <1

k=1



Kamen, nlizky, papir
Regeni dlohy

g(cos(i),sin(p)) = D _ cos(k*e)/k?
k=1
Pro 0 < r <1 lze ¥adu
u(rcos(¢), rsin(¢)) = Z r(K) cos(k3p)/k?
k=1
derivovat &len po &lenu a ové&fit, Ze spliiuje rovnici
Au(x,y) =0 pro0<x>+y?<0. (27)

Diky omezenosti r(n®) cos(n3¢) pro 0 < r < 1 Yada konverguje
absolutné a stejnomérné, tudiZ funkce u je spojitd na uzavfeném
kruhu

0<x*+y?<1



1.0

Obréazek: u(x,y)






Kamen, nlizky, papir

Véta z knizky [Chabrowski, The Dirichlet Problem with L2
Boundary Data for Elliptic Equations].

Funkce h(x,y) = h(¢), ¢ € (0,27), definovanad na jednotkovém
kruhu je stopou funkce z W12(B(0,1)) pravé tehdy, kdy? jeji
Fourierovy koeficienty ap, b, splfiuji

o0
Zn 24+ b2) < 4o0.
n=1
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