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Soustavy lin. rovnic s v́ıce pravými stranami

Stejnosměrný obvod

Ohmův a Kirchhoffovy zákony

i1 =
u1 − V1

R1
, i2 =

u2 − V2

R2
, i3 =

u3 − V3

R3
, i4 =

u2 − u3

R4
, i5 =

u2 − u1

R5
,

uzel A: i1 − i5 = 0, uzel B: − i1 − i2 − i4 = 0, uzel C: i2 + i3 + i5 = 0.



Soustavy lin. rovnic s v́ıce pravými stranami

Soustava lineárńıch rovnic

u1−V1
R1
− u2−u1

R5
= 0

−u1−V1
R1
− u2−V2

R2
− u2−u3

R4
= 0

u2−V2
R2

+ u3−V3
R3

+ u2−u1
R5

= 0

⇔

(
1

R1
+ 1

R5

)
u1 − 1

R5
u2 = V1

R1

− 1
R1

u1 −
(

1
R2

+ 1
R4

)
u2 + 1

R4
u3 = −V1

R1
− V2

R2

− 1
R5

u1 +
(

1
R2

+ 1
R5

)
u2 + 1

R3
u3 = V2

R2
+ V3

R3

Řešeńı Gauss–Jordanovou metodou

Gaussova dopředá eliminace + Jordanova zpětná eliminace

(A|b)
Gaussova metoda−−−−−−−−−→ (U|c)

Jordanova metoda−−−−−−−−−−→ (I|x) ,

kde I je jednotková matice (má pouze jedničky na diagonále) a x je řešeńı A · x = b.



Soustavy lin. rovnic s v́ıce pravými stranami

a) R1 = · · · = R5 = 1, V1 = V2 = V3 = 1

2u1 − u2 = 1
−u1 − 2u2 + u3 = −2
−u1 + 2u2 + u3 = 2

Řešeńı Gauss–Jordanovou metodou




2 −1 0 1
−1 −2 1 −2
−1 2 1 2


 r2:=r1+2r2−−−−−−→

r3:=r1+2r3




2 −1 0 1
0 −5 2 −3
0 3 2 5


 −−−−−−−→

r3:=3r2+5r3




2 −1 0 1
0 −5 2 −3
0 0 16 16


 r2:=−8r2+r3−−−−−−−→

r2:=−8r2+r3−−−−−−−→




2 −1 0 1
0 40 0 40
0 0 16 16


 r1:=40r1+r2−−−−−−−→




80 0 0 80
0 40 0 40
0 0 16 16


 −→




1 0 0 1
0 1 0 1
0 0 1 1




u1 = u2 = u3 = 1



Soustavy lin. rovnic s v́ıce pravými stranami

b) R1 = · · · = R5 = 1, V1 = 1, V2 = V3 = 0

2v1 − v2 = 1
−v1 − 2v2 + v3 = −1
−v1 + 2v2 + v3 = 0

Řešeńı Gauss–Jordanovou metodou




2 −1 0 1
−1 −2 1 −1
−1 2 1 0


 r2:=r1+2r2−−−−−−→

r3:=r1+2r3




2 −1 0 1
0 −5 2 −1
0 3 2 1


 −−−−−−−→

r3:=3r2+5r3




2 −1 0 1
0 −5 2 −1
0 0 16 2


 r2:=−8r2+r3−−−−−−−→

r2:=−8r2+r3−−−−−−−→




2 −1 0 1
0 40 0 10
0 0 16 2


 r1:=40r1+r2−−−−−−−→




80 0 0 50
0 40 0 10
0 0 16 2


 −→




1 0 0 5/8
0 1 0 1/4
0 0 1 1/8




v1 = 5/8, v2 = 1/4, v3 = 1/8



Soustavy lin. rovnic s v́ıce pravými stranami

a) + b)

2u1 − u2 = 1
−u1 − 2u2 + u3 = −2
−u1 + 2u2 + u3 = 2

2v1 − v2 = 1
−v1 − 2v2 + v3 = −1
−v1 + 2v2 + v3 = 0

Řešeńı Gauss–Jordanovou metodou




2 −1 0 1 1
−1 −2 1 −2 −1
−1 2 1 2 0


 r2:=r1+2r2−−−−−−→

r3:=r1+2r3




2 −1 0 1 1
0 −5 2 −3 −1
0 3 2 5 1


 −−−−−−−→

r3:=3r2+5r3




2 −1 0 1 1
0 −5 2 −3 −1
0 0 16 16 2




r2:=−8r2+r3−−−−−−−→




2 −1 0 1 1
0 40 0 40 10
0 0 16 16 2


 r1:=40r1+r2−−−−−−−→




80 0 0 80 50
0 40 0 40 10
0 0 16 16 2


 −→




1 0 0 1 5/8
0 1 0 1 1/4
0 0 1 1 1/8




u1 = u2 = u3 = 1, v1 = 5/8, v2 = 1/4, v3 = 1/8



Vektorový počet

2d geometrické vektory

x1

x2

u

‖v‖
v

v1

v2

u + v

2u

Sč́ıtáńı vektor̊u

u+v = (u1, u2)+(v1, v2) := (u1+u2, v1+v2)

Násobeńı vektoru skalárem

αu := (αu1, αu2)

Velikost (norma) vektoru

‖v‖ :=
√

(v1)2 + (v2)2

x1

x2

u

v

α
β

γ

Úhel mezi dvěma vektory

cos γ = cos(β − α) =

= cos β cos(−α)− sin β sin(−α) =

=
v1

‖v‖
u1

‖u‖ +
v2

‖v‖
u2

‖u‖
Skalárńı součin

v · u := v1u1 + v2u2



Vektorový počet

Zobecněńı 2d geometrických vektor̊u do nd

Mějme n ∈ N, u = (u1, u2, . . . , un) ∈ R
n a v = (v1, v2, . . . , vn) ∈ R

n a definujme:
sč́ıtáńı vektor̊u, násobeńı vektoru skalárem

u + v := (u1 + v1, u2 + v2, . . . , un + vn), αu := (αu1, αu2, . . . , αun),

skalárńı součin vektor̊u

u · v := u1v1 + u2v2 + · · · + unvn,

normu vektoru
‖v‖ :=

√
v · v =

√
(v1)2 + (v2)2 + · · · + (vn)2

a kosinus úhlu mezi dvěma vektory

cos γ :=
u · v
‖u‖‖v‖.



Vektorový počet

Vlastnosti vektorových operaćı

Pro u,v,w ∈ R
n, α, β ∈ R plat́ı např.

u + (v + w) = (u + v) + w,

u + v = v + u,

α(u + v) = αu + αv, (α + β)u = αu + βu,

α(βu) = (αβ)u

0u = o := (0, 0, . . . , 0), 1u = u.

Pro skalárńı součin plat́ı

(αu + βv) ·w = αu ·w + βv ·w,

u · v = v · u.



Maticový počet

Zobecněńı vektor̊u na matice

Mějme m, n ∈ N, A,B ∈ R
m×n, α ∈ R. Prvek matice označme (A)ij.

Definujme sč́ıtáńı matic

A + B ∈ R
m×n : (A + B)ij := (A)ij + (B)ij

a násobeńı matice skalárem

αA ∈ R
m×n : (αA)ij := α(A)ij.

Řádkový vektor (řádek) je matice typu n× 1.

Sloupcový vektor (sloupec) je matice typu 1× n.



Maticový počet

Vlastnosti sč́ıtáńı a násobeńı skalárem

Pro A,B,C ∈ R
m×n, α, β ∈ R plat́ı např.

A + (B + C) = (A + B) + C,

A + B = B + A,

α(A + B) = αA + αB, (α + β)A = αA + βA,

α(βA) = (αβ)A,

0A = 0, 1A = A.



Maticový počet

Násobeńı řádek krát matice

v ·A =
(
v1 v2 . . . vm

)
·




(
a1,1 a1,2 . . . a1,n

)
(
a2,1 a2,2 . . . a2,n

)
...(

am,1 am,2 . . . am,n

)


 =

(
v1 v2 . . . vm

)
·




ar
1

ar
2

. . .
ar

m


 :=

:= v1

(
a1,1 a1,2 . . . a1,n

)
+ v2

(
a2,1 a2,2 . . . a2,n

)
+ · · · + vm

(
am,1 am,2 . . . am,n

)
︸ ︷︷ ︸

lineárńı kombinace řádk̊u



Maticový kalkul

Násobeńı řádek krát matice

se hod́ı ke zkrácenému zápisu elementárńıch úprav.

(A|b) :=

(
1 1 1
1 −1 0

)
r1:=r1−−−−−→

r2:=r2−r1

(
1 1 1
0 −2 −1

)
=: (Ã|b̃)

r1 := 1 r1 + 0 r2 :
(
1 0

)
·
(

1 1 1
1 −1 0

)
= 1

(
1 1 | 1

)
+ 0

(
1 −1 | 0

)
=

(
1 1 | 1

)

r2 := −1 r1 + 1 r2 :
(
−1 1

)
·
(

1 1 1
1 −1 0

)
= −1

(
1 1 | 1

)
+ 1

(
1 −1 | 0

)
=

(
0 −2 | − 1

)

Což lze (zat́ım pouze formálně) zapsat do matice

E21 :=

(
1 0
−1 1

)
. . . Nuluje prvek a21.



Maticový počet

Násobeńı matic — lineárńı kombinace řádk̊u pravé matice

Násobeńı matic motivujme Gaussovou eliminaćı
(

1 0
−1 1

)

︸ ︷︷ ︸
=E21

·
(

1 1 1
1 −1 0

)

︸ ︷︷ ︸
=(A|b)

=

(
1
(
1 1 | 1

)
+ 0

(
1 −1 | 0

)

−1
(
1 1 | 1

)
+ 1

(
1 −1 | 0

)
)

=

(
1 1 1
0 −2 −1

)

︸ ︷︷ ︸
=(Ã|b̃)

Násobeńı A ∈ R
m×n a B ∈ R

n×p lze tedy definovat takto:

A ·B =




a11 a12 . . . a1n

a21 a22 . . . a2n
... ... ... ...

am1 am2 . . . amn


 ·




br
1

br
2
...

br
n


 :=




a11b
r
1 + a12b

r
2 + · · · + a1nb

r
n

a21b
r
1 + a22b

r
2 + · · · + a2nb

r
n

...
am1b

r
1 + am2b

r
2 + · · · + amnb

r
n






Maticový počet

Násobeńı matic — výpočet pomoćı skalárńıho součinu

Násobeńı matic A ∈ R
m×n a B ∈ R

n×p poč́ıtáme takto:

A ·B =




ar
1

ar
2
...

ar
m


 ·

(
bs

1 bs
2 . . . bs

p

)
=




ar
1 · bs

1 ar
1 · bs

2 . . . ar
1 · bs

p

ar
2 · bs

1 ar
2 · bs

2 . . . ar
2 · bs

p
... ... ... ...

ar
m · bs

1 ar
m · bs

2 . . . ar
m · bs

p




Tedy
(A ·B)ij = ar

i · bs
j.

i i

j
j



Maticový počet

Př́ıklad násobeńı matic

Po řádćıch


1 2
3 4
5 6


·

(
1 2 3
4 5 6

)
=




1(1, 2, 3) + 2(4, 5, 6)
3(1, 2, 3) + 4(4, 5, 6)
5(1, 2, 3) + 6(4, 5, 6)


 =




(1, 2, 3) + (8, 10, 12)
(3, 6, 9) + (16, 20, 24)

(5, 10, 15) + (24, 30, 36)


 =




9 12 15
19 26 33
29 40 51




nebo po prvćıch



1 2
3 4
5 6


 ·

(
1 2 3
4 5 6

)
=




(1, 2) · (1, 4) (1, 2) · (2, 5) (1, 2) · (3, 6)
(3, 4) · (1, 4) (3, 4) · (2, 5) (3, 4) · (3, 6)
(5, 6) · (1, 4) (5, 6) · (2, 5) (5, 6) · (3, 6)


 =

=




1 + 8 2 + 10 3 + 12
3 + 16 6 + 20 9 + 24
5 + 24 10 + 30 15 + 36


 =




9 12 15
19 26 33
29 40 51






Maticový počet

Asociativita násobeńı — nezálež́ı na uzávorkováńı

Pro A ∈ R
m×n, B ∈ R

n×p a C ∈ R
p×s:

A · (B ·C) = (A ·B) ·C.

Násobeńı neńı komutativńı — na pořad́ı zálež́ı

Pro matice A ∈ R
m×n, B ∈ R

n×p, kde m 6= p, neńı B ·A ani definováno.

Pro většinu ostatńıch matic:
A ·B 6= B ·A,

např. (
1 2
1 2

)
·
(

3 4
3 4

)
=

(
9 12
9 12

)
6=

(
7 14
7 14

)
=

(
3 4
3 4

)
·
(

1 2
1 2

)
.



Maticový počet

Transponovaná matice

vznikne záměnou řádk̊u a sloupc̊u, tedy (AT )ij := Aji, tedy

AT =




a11 a12 . . . a1n

a21 a22 . . . a2n
... ... ... ...

am1 am2 . . . amn




T

:=




a11 a21 . . . am1

a12 a22 . . . am2
... ... ... ...

a1m a2m . . . anm


 .

Plat́ı
(A ·B)T = BT ·AT .



Maticový počet

Jednotková matice

je čtvercová matice In ∈ R
n×n definovaná jako (In)ii := 1, a pro i 6= j: (In)ij := 0,

tedy

In :=




1 0 . . . 0
0 1 . . . 0
... ... . . . ...
0 0 . . . 1


 .

Jednotková matice je maticová analogie č́ısla 1, tedy pro A ∈ R
m×n

Im ·A = A, A · In = A.



Inverzńı matice

Matice Gaussových transformaćı

Gaussově úpravě

ri :=
n∑

j=i

αjrj, kde αj 6= 0,

odpov́ıdá matice

E :=




Ii−1 o 0
o αi (αi+1, . . . , αn)
0 o In−i




tak, že

(A|b)
ri:=

∑n
j=i αjrj−−−−−−−−→ (Ã|b̃)

lze zapsat pomoćı maticového násobeńı takto:

E · (A|b) = (Ã|b̃).



Inverzńı matice

Matice inverzńı Gaussovy transformace

Ke Gaussově úpravě ri :=
∑n

j=i αjrj kde αj 6= 0, vytvořme inverzńı úpravu

ri :=
1

αi
ri −

n∑

j=i+1

αj

αi
rj.

tak, že

(A|b)
ri:=(1/αi)ri−

∑n
j=i+1(αj/αi)rj←−−−−−−−−−−−−−−−−− (Ã|b̃).

Tomu odpov́ıdá matice

M :=




Ii−1 o 0

o 1
αi

(
−αi+1

αi
, . . . ,−αn

αi

)

0 o In−i




tak, že
(A|b) = M · (Ã|b̃).



Inverzńı matice

Matice inverzńı Gaussovy transformace

Plat́ı tedy
E · (A|b) = (Ã|b̃) a (A|b) = M · (Ã|b̃).

Vynásobme prvńı rovnost zleva matićı M a na pravé straně použijme druhou rovnost

M · (E · (A|b)) = M · (Ã|b̃) = (A|b).

Použijme asociativitu násobeńı vlevo a vlastnost jednotkové matice vpravo

(M · E) · (A|b) = I · (A|b).

Jelikož tato rovnost plat́ı pro libovolnou volbu (A|b), muśı též platit

M · E = I.

Takovou matici M nazveme inverzńı matićı k E a budeme značit

E−1 := M.



Inverzńı matice

Jiná motivace

Trojčlenka

ax = b, a 6= 0

x = a−1b

Soustava lineárńıch rovnic

A · x = b, A regulárńı

x = A−1 · b

Definice

Mějme A ∈ R
n×n. Existuje-li matice X ∈ R

n×n taková, že

X ·A = In,

pak X nazýváme matićı inverzńı k A, znač́ıme ji A−1 := X a ř́ıkáme, že A je regulárńı.
Jinak je A singulárńı.



Inverzńı matice

Výpočet Gauss–Jordanovou metodou — složitost O(n4)

Je-li A ∈ R
n×n regulárńı, pak plat́ı

A−1 ·A = A ·A−1 = In.

Hledáme matici X := (xs
1,x

s
2, . . . ,x

s
n) ∈ R

n×n tak, že

A ·X =A · (xs
1,x

s
2, . . . ,x

s
n) = (is1, i

s
2, . . . , i

s
n)= In.

To je ale soustava s n pravými stranami

A · xs
1 = is1, A · xs

2 = is2, . . . , A · xs
n = isn.

Soustavu vyřeš́ıme Gauss–Jordanovou metodou

(A|is1, is2, . . . , isn) = (A|In)
Gaussova metoda−−−−−−−−−→

(
U|X̃

)
Jordanova metoda−−−−−−−−−−→ (In|X) .

A−1 = X



Inverzńı matice

Př́ıklad inverze matice elektrického obvodu

(A|I3) =




2 −1 0 1 0 0
−1 −2 1 0 1 0
−1 2 1 0 0 1


 r2:=r1+2r2−−−−−−→

r3:=r1+2r3




2 −1 0 1 0 0
0 −5 2 1 2 0
0 3 2 1 0 2


 −−−−−−−→

r3:=3r2+5r3

−−−−−−−→
r3:=3r2+5r3




2 −1 0 1 0 0
0 −5 2 1 2 0
0 0 16 8 6 10


 r2:=−8r2+r3−−−−−−−→




2 −1 0 1 0 0
0 40 0 0 −10 10
0 0 16 8 6 10


 r1:=40r1+r2−−−−−−−→

r1:=40r1+r2−−−−−−−→




80 0 0 40 −10 10
0 40 0 0 −10 10
0 0 16 8 6 10


 −→




1 0 0 1/2 −1/8 1/8
0 1 0 0 −1/4 1/4
0 0 1 1/2 3/8 5/8




A−1 =




1/2 −1/8 1/8
0 −1/4 1/4

1/2 3/8 5/8






Inverzńı matice

Př́ıklad inverze matice elektrického obvodu

2u1 − u2 = 1
−u1 − 2u2 + u3 = −2
−u1 + 2u2 + u3 = 2

2v1 − v2 = 1
−v1 − 2v2 + v3 = −1
−v1 + 2v2 + v3 = 0

Při znalosti inverzńı matice lze řešeńı soustavy lin. rovnic spoč́ıtat

x = A−1 · b,

Obě řešeńı lze tedy spoč́ıtat součinem dvou matic



u1 v1

u2 v2

u3 v3


 =




1/2 −1/8 1/8
0 −1/4 1/4

1/2 3/8 5/8


 ·




1 1
−2 −1
2 0


 =




1 5/8
1 1/4
1 1/8


.


